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Fodvvlfdo dqg txdqwxp Kdplowrq irupdolvpv iru
wkh phfkdqlfv ri wkh Ehuqrxool rvfloodwruv
L 0 Fodvvlfdo iudphzrun
J1 Pdvwurflqtxh
Glsduwlphqwr gl Vflhq}h Ilvlfkh ghoo*Xqlyhuvlwã gl Qdsrol
Ihghulfr LL 0 Idfrowã gl Lqjhjqhuld 0 S1oh Whffklr 0 ;3458 Qdsrol
Vxppdu| 0 Lq d ihz suhylrxv sdshuv/ zh glvfxvvhg wkh ixqgdphqwdov ri wkh vr0
fdoohg Ehuqrxool rvfloodwruv sk|vlfv1 Wkh Ehuqrxool rvfloodwruv duh fodvvlfdo hqwlwlhv
zkrvh ehkdylru lv lq xhqfhg e| d klgghq ghjuhh ri iuhhgrp +KGI,/ lq lwv wxuq
h{flwhg e| d txdqwxp ydfxxp dfwlrq1 Zlwklq dvvhvvhg dssur{lpdwlrqv dqg
olplwv +xql0glphqvlrqdo prwlrq,/ zh dvvxphg d fodvvlfdo0olnh lqwhusuhwdwlrq ri
txdqwxp hhfwv/ dqg glvsod|hg wkh Qhzwrqldq prwlrq edfnjurxqg vxewhqglqj 0
e| rxu sursrvdo 0 wkh pdwwhu zdyh sk|vlfv1 Lq d frxsoh ri sdshuv/ zh jlyh d irupdo
ghvfulswlrq ri wkh Ehuqrxool rvfloodwruv fodvvlfdo ghjuhh ri iuhhgrp phfkdqlfv/ e|
wkh phdqv ri Kdplowrq0olnh irupdolvpv1 Wkhvh duh/ krzhyhu/ glhuhqw lq wkhlu
frqfhswlrq iurp wkh vwdqgdug nqrzq rqhv= zh lqwurgxfh lqghhg dq h{whqghg
irup iru wkh Kdplowrq ixqfwlrq/ fdoohg wkh Ehuqrxool Kdplowrqldq/ dqg qrq0
vwdqgdug irupv iru wkh Kdplowrq htxdwlrqv ru surfhgxuhv1 Gxh wr wkh  h{lelolw|
ri rxu irupv/ erwk d fodvvlfdo iudphzrun dqg d txdqwxp0olnh rqh zloo eh vkrzq
deoh wr surylgh d ixoo ghvfulswlrq ri doo wkh fdvhv uhohydqw wr xv1 Lq wkh suhvhqw
sdshu L/ wkh fodvvlfdo iudphzrun lv glvfxvvhg1 Sk|vlfdo lqwhusuhwdwlrq pdwfklqj
wkh phqwlrqhg irupdo surfhgxuhv lv surylghg vwhs0e|0vwhs1
SDFV 381<31 0 Rwkhu wrslfv lq vwdwlvwlfdo sk|vlfv dqg wkhuprg|qdplfv
4 Lqwurgxfwlrq
Lq d ihz suhylrxv sdshuv ^47`/ zh lqwurgxfhg d fodvvlfdo0olnh/ wkhruhwlfdo iudph0
zrun ghvfulelqj wkh ehkdylru ri wkh vr0fdoohg Ehuqrxool rvfloodwruv1 Wkhvh rqhv
duh fodvvlfdo rvfloodwruv shuwxuehg e| wkh dfwlrq ri wkh txdqwxp ydfxxp1 Wkh
ydfxxp lv deoh wr gulyh glvwlqjxlvkhg sduwv ri wkh rvfloodwruv vsdfh dqg prphq0
wxp fr0ruglqdwhv/ zklfk zh frpsuhkhqvlyho| fdoo wkh klgghq ghjuhh ri iuhhgrp
+KGI,1 Wklv odvw shuwxuev/ lq wxuq/ wkh rvfloodwlrq fhqwhu wlph0odz {+w, +{ @
fodvvlfdo ghjuhh ri iuhhgrp vsdfh0fr0ruglqdwh,/ dqg fdxvhv ghyldwlrqv iurp wkh
rvfloodwruv fodvvlfdo ehkdylru1 Wkh sduwlfoh0ydfxxp lqwhudfwlrq lv ghshqghqw rq
4
wkh wlph dqg rq d sdudphwulf ixqfwlrq qdphg +{,/ d vruw ri jhqhudol}hg gh0
Eurjolh zdyhohqjwk ghvfulelqj wkh udglxv ri wkh lqwhudfwlrq1 Wklv odvw lv vxe0
plwwhg wr Khlvhqehuj*v lqghwhuplqdwlrq sulqflsoh dv wr d sdudphwulf frqvwudlqw
hhfwlyh rq wkh KGI rvfloodwlrq dpsolwxgh dqg iuhtxhqf|1 Lq rxu iudphzrun/
wkh Khlvhqehuj sulqflsoh wdnhv d +sursrvhg, fodvvlfdo0olnh lqwhusuhwdwlrq/ vr wkdw
wkh KGI ehkdylru lwvhoi lv ghvfulehg dv d fodvvlfdo sdudphwulf rvfloodwlrq ^5`1 Wkh
rvfloodwru fodvvlfdo ghjuhh ri iuhhgrp +FGI, lv wkhq irxqg vxeplwwhg wr d Qhz0
wrqldq prwlrq htxdwlrq/ zkrvh hqhuj| wkhruhp kdv wkh irup ri d +jhqhudol}hg,
Ndslw}d wkhruhp +vhh htxdwlrq +7,,1 Wklv htxdwlrq vhwv d eulgjh ehwzhhq fodvvl0
fdo dqg txdqwxp phfkdqlfv1 Lw lv deoh lqghhg wr jlyh d fodvvlfdo0olnh ghvfulswlrq
ri wxqqhoolqj skhqrphqd dqg/ e| wkh hhfw ri qrq0orfdo lqlwldo frqglwlrqv ri pr0
wlrq/ ghwhuplqhv d FGI ehkdylru orrnlqj wr xv frqvlvwhqw zlwk d pdwwhu0zdyh
rqh1 Lq rxu iudphzrun/ wkh Vfkurglqjhu htxdwlrq lv lqghhg lqwhusuhwhg dv wkh
vwdwlvwlfdo dsshdudqfh ri d lqlwldo frqglwlrqv pdqlirog vhw 0 vwdwlvwlfv ehlqj lq0
khuhqw wr wkh glvwulexwlrq ri +{, sdudphwhuv/ lq wxuq ghwhuplqhg e| wkh prwlrq
lqlwldo frqglwlrqv ^7`1
Wr uhvxph/ zlwklq wkh sursrvhg iudphzrun/ zh ghyhorshg ydulrxv frqwh{wv1
Wkh uvw rqh +zklfk zh fdoo SKPH, lv uhohydqw wr wkh ghvfulswlrq ri d sduwldo/
exw sulpdu| hhfw zh lghqwlhg dv wkh fruh ri wkh sduwlfoh0ydfxxp lqwhudfwlrq=
wklv lv d orfdoo| lqgxfhg pdvv hhfw/ lqwhusuhwhg dv wkh ydfxxp orfdo uhdfwlrq wr
wkh Hxohuldq yhorflw| hog ri wkh sduwlfoh lq prwlrq1
Wkh vhfrqg rqh +zklfk zh fdoo VSQG, wdnhv lqwr dffrxqw wkh frpsuhkhqvlyh
lqwhudfwlrq uhvxowlqj iurp vsdfh glvwulexwhg ydfxxp uhdfwlrq srlqwv1 Lw lq0
foxghv d frpsohwh lqwhudfwlrq vfkhph/ wkxv ghvfulelqj rxu sursrvhg Qhzwrqldq
g|qdplfv ri wkh vlqjoh sduwlfoh1 Wklv lv uhsuhvhqwhg e| wkh htxdwlrq wkdw zh
frqvlghu wr eh wkh sk|vlfdo edfnjurxqg ehorz wkh pdwwhu0zdyh dsshdudqfh1
D wklug frqwh{w +khuh uhihuuhg wr dv GERH, lv frqvwlwxwhg e| d iudphzrun
zkhuh/ edvlqj rq wkh VSQG htxdwlrq/ zh ghvfuleh erwk wkh ghqvlw| dqg guliw
yhorflw| hog shuwdlqlqj wr d  rzlqj hqvhpeoh ri sduwlfohv +dozd|v fodvvlfdoo|
prghoohg,1 E| wkh phdqv ri d grxeoh0vroxwlrq dvvxpswlrq lq wkh VSQG htxdwlrq/
zh dgydqfhg lqghhg lq suhylrxv sdshuv wkh k|srwkhvlv wkdw lw dovr lqfoxghv wkh
lqirupdwlrq derxw wkh dyhudjh yhorflw| hog uhohydqw wr d sduwlfohv hqvhpeoh1
Wkh VSQG dqg GERH frqwh{wv pxvw wkhuhiruh eh vxeplwwhg wr h{whqvlyh
frpsdudwlyh dqdo|vlv zlwk wkh ruwkrgr{ txdqwxp phfkdqlfdo frqwh{w +fdoohg
RTPF,1 Dprqjvw rwkhu/ vrph lqyhvwljdwlrq fdq eh fduulhg rxw zlwklq wkh iudph
ri Kdplowrq irupdolvpv1 Wkhvh odvw duh lqghhg hvshfldoo| dssursuldwh wr jlyh
hylghqfh wr erwk sk|vlfdo surshuwlhv dqg pdwkhpdwlfdo v|pphwulhv1
Lq wklv sdshu/ zh zdqw wkhuhiruh wr vkrz wkdw wkh Kdplowrq irupdolvpv 0 erwk
fodvvlfdo dqg txdqwxp0olnh 0 duh deoh wr ghvfuleh doo wkh sk|vlfdo frqwh{wv ri rxu
lqwhuhvw1 Wr wklv hqg/ krzhyhu/ zh lqwurgxfh dqg lqyhvwljdwh wkh shuirupdqfhv ri
vrph shfxoldu Kdplowrq ixqfwlrqv zklfk zh fdoo wkh Ehuqrxool Kdplowrqldqv1
Wkh| zloo eh vkrzq  h{leoh hqrxjk wr surylgh wkh ghvluhg frpsohwh ghvfuls0
wlrqv1 Wkh wdvnv zloo eh dffrpsolvkhg wkurxjk glhuhqw vwhsv lqwurgxfhg lq wkh
iroorzlqj vhfwlrqv1
Lq wkh suhvhqw sdshu L zh uhvxph wkh ydulrxv frqwh{wv htxdwlrqv uvw/ dqg
lqyhvwljdwh fodvvlfdo0olnh surfhgxuhv1 Lq wkh iroorzlqj sdshu LL wkh txdqwxp0olnh
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surfhgxuhv zloo eh glvfxvvhg1
5 Wkhruhwlfdo Edfnjurxqg
514 Wkh sulpdu| KGI0hhfw +SKPH,
Wkh VSQG htxdwlrq +vkrzq lq htxdwlrq +7,, fdq dovr eh ghulyhg e| d prgho
zkhuh d shfxoldu vsdfh glvwulexwhg ydfxxp uhdfwlrq wr wkh Hxohuldq yhorflw|
hog ri wkh sduwlfoh lq prwlrq lv dvvxphg ^7`1 E| wkdw prgho/ zh gudz d glvwlqf0
wlrq ehwzhhq zkdw zh fdoo sulpdu| KGI hhfw +d orfdo rqh/ hydoxdwhg dw }hur
ydoxh ri wkh sdudphwhu +{,,/ dqg wkh hhfw ri wkh glvwulexwlrq ri wkh ydfxxp
glvwdqw uhdfwlrq vrxufh0srlqwv lq vsdfh +wkh glvwdqw hhfwv ri wkh lqwhudfwlrq,1
Lq uhihuhqfh ^7`/ htxdwlrq +84,/ lv vkrzq lqghhg wkdw wkh sulpdu| sduwlfoh0
ydfxxp lqwhudfwlrq +vwdwlrqdu| sduw, kdv wkh irup
KGI+{, @ 45py
5+{, +4,
Dv dqwlflsdwhg/ wklv lv d +qhjdwlyh, pdvv hhfw/ h{suhvvhg e| wkh frh!flhqw p1
Wkh hqhuj| wkhruhp h{suhvvlrq fruuhvsrqglqj wr wkh phqwlrqhg dfwlrq lv
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5 py
5+{,.+{,.KGI+{, @ 45 phiiy
5+{,.+{, @ H +5,
phii @ p p +6,
Lq wkhvh htxdwlrqv/ y+{, lv wkh sduwlfoh +FGI, Hxohuldq yhorflw| hog +{0frpsrqhq
w,/ +{, lv wkh srwhqwldo hqhuj| fruuhvsrqglqj wr wkh fodvvlfdo irufh hog lpsrvhg
wr wkh sduwlfoh dqg phii lv wkh hhfwlyh pdvv uhvxowlqj iurp wkh ydfxxp.KGI
dfwlrq1 Zh zloo uhihu/ lq wkh iroorzlqj/ wr htxdwlrq +5, dv wkh sulpdu| KGI0
dhfwhg hqhuj| wkhruhp irup iru wkh vlqjoh0sduwlfoh g|qdplfv/ dqg wkh fruuh0
vsrqglqj sk|vlfdo frqwh{w zloo eh uhfdoohg e| wkh dfurq|p SKPH +sulpdu|
KGI0lqgxfhg pdvv hhfw,1
Lq uhihuhqfh ^7` zh pdgh wkh k|srwkhvlv wkdw wkh hhfwlyh pdvv fdq dvvxph
ydoxhv lqfoxghg ehwzhhq wkh fodvvlfdo pdvv ydoxh p dqg }hur1 Wkh vdph dvvxps0
wlrq vxewhqgv rxu suhvhqw sdshuv zkhuh phii +dqg lwv vwdwlvwlfdo frxqwhusduw
pGhii , zloo krzhyhu sod| d vlpsoh sdudphwulf uroh dqg zloo eh surfhvvhg dv frq0vwdqwv e| vlpsolflw|1
515 Wkh vlqjoh0sduwlfoh hqhuj| wkhruhp iru Ehuqrxool rv0
floodwruv +VSQG fdvh,
Wkh vlqjoh0sduwlfoh hqhuj| wkhruhp h{suhvvlrq dffrxqwlqj iru wkh ixoo +l1h1/
lqfoxglqj wkh glvwdqw hhfwv ri wkh lqwhudfwlrq, KGI hhfw kdv ehhq irxqg lq
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5, @ Hq +7,
Lw lv d uhohydqw pdwwhu wr dgg khuh wkh fruuhvsrqglqj frqwlqxlw| htxdwlrq +4,=
f+{,y+{, @ 53 +8,
Lq wkhvh htxdwlrqv/ 33 lv wkh vhfrqg ghulydwlyh zlwk uhvshfw wr wkh vsdfh fr0
ruglqdwh {/ k lv wkh uhgxfhg Sodqfn*v frqvwdqw/ Hq lv wkh txdqwxp phfkdqlfdo
hqhuj| hljhqydoxh iru wkh sduwlfoh lq wkh srwhqwldo +{,/ dqg F+y5, lv d zhdn
ixqfwlrq ri y51 Lq wklv sdshu/ zh zloo jhqhudoo| dvvxph F+y5, @ 3 iru wkh vdnh
ri vlpsolflw| +5,1 Lq wkh suhvhqw vhfwlrq/ wkh yroxph0 rz 3 lv d frqvwdqw dqg
f+{, lv fohduo| ghqhg dv d fodvvlfdo0olnh vwdwlvwlfdo ghqvlw|1 Pdmru glvfxvvlrq rihtxdwlrqv +7, dqg +8, lv lq wkh txrwhg uhihuhqfh1 Zh zloo uhihu lq wkh iroorzlqj wr
htxdwlrq +7, dv wkh hqhuj| wkhruhp irup kroglqj iru wkh ixoo| KGI0dhfwhg
vlqjoh0sduwlfoh g|qdplfv/ dqg zloo uhfdoo wkh fruuhvsrqglqj htxdwlrqv dqg sk|v0
lfdo frqwh{w e| wkh phdqv ri d frpsuhkhqvlyh dfurq|p VSQG +vlqjoh sduwlfoh
Qhzwrqldq g|qdplfv,1
Htxdwlrq +7, krogv iru d vlqjoh sduwlfoh exw dovr wdnhv d shfxoldu vwdwlvwlfdo0
hqvhpeoh dyhudjh irup/ deoh wr ghvfuleh d guliwlqj sduwlfoh hqvhpeoh ehkdylru ^7`1
Zh kdyh wr lqwurgxfh wklv fdvh zlwk d ihz ghwdlov1 Wklv lv lq wkh qh{w vhfwlrq1
516 Wkh guliwlqj Ehuqrxool rvfloodwruv hqvhpeoh +GERH
fdvh,









Khuh pGhii lv dq htxlydohqw vwdwlvwlfdo pdvv +6, dqg yG+{, lv wkh guliw yhorflw|hog +{0frpsrqhqw, ri d sduwlfohv hqvhpeoh1 Wkh fruuhodwlrq ehwzhhq yG+{, dqgwkh ghqvlw| +{, lv
+{,yG+{, @ 5+{, +:,
4Wkh txdqwlwlhv y+{, dqg yG +{, diwhuzdugv duh ruljlqdoo| ghqhg dv {0frpsrqhqwv ri wkhuhvshfwlyh yhfwru hogv1 E| frqflvhqhvv/ wkh| plvvhg wkhlu lqgh{ { vr wkdw lq vrph flufxp0
vwdqfhv +dv lq htxdwlrqv +8,/ +:, dqg vlplodu rqhv, wkh vdph v|perov zloo mxvw eh xvhg iru wkhlu
fruuhvsrqglqj devroxwh ydoxhv1
5 Lq wkh frqwudu| fdvh/ doo wkh wuhdwphqwv khuh vkrxog eh uhqrupdol}hg e| hperg|lqj F+y2,
lqwr dq hhfwlyh nlqhwlf whup/ l1h1 e| ghqlqj d qhz hhfwlyh pdvv> gxh wr wkh ixqfwlrq
zhdnqhvv/ d frqvwdqw dvvxpswlrq iru wklv hhfwlyh pdvv vwloo orrnv dssursuldwh iru d uvw
jodqfh dv lq wkhvh sdshuv1
6Khuh djdlq/ wkh ixqfwlrq F+y2G , lv wdnhq qhjoljleoh ru pd| eh wkrxjkw hperglhg lqwrpGess 1
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Wkh ixqfwlrq +{, lv wkh hqvhpeoh yroxph0 rz udwh1 Dq h{suhvvlrq iru lw lv jlyhq
lq ^7`1 Lq wkh suhvhqw frqwh{w/ wkh ghqvlw| +{, lv/ iurp d pdwkhpdwlfdo srlqw ri
ylhz/ frlqflghqw zlwk d txdqwxp vwdwlvwlfdo ghqvlw| +7,1 Lqghhg/ wkh frqwh{w lwvhoi
lv lqwhqghg iru d forvh frpsdulvrq zlwk d vwdqgdug +ghhs, txdqwxp0phfkdqlfdo
iudphzrun +iru frpsdulvrq zlwk wkh txdvl0fodvvlfdo fdvh wkh frqwlqxlw| htxdwlrq
dvvrfldwhg wr wklv frqwh{w vkrxog wxuq rxw edfn wr wkh irup +8,,1
Lq wkh iroorzlqj/ zh zloo uduho| vshfli| djdlq zkhwkhu dq dvvxphg ghqvlw| 
lv d fodvvlfdo ru d txdqwxp rqh1 Wkdw zloo eh hdvlo| xqghuvwrrg e| wkh frqwh{w=
lq sudfwlfh/ wkh ghqvlw| lv d fodvvlfdo rqh +frqwlqxlw| htxdwlrq +8,, lq wkh SKPH/
VSQG fdvhv dqg lq wkh k$ 3 olplw ri wkh GERH fdvh1 Lw lv lqvwhdg d txdqwxp0
olnh rqh lq wkh GERH +ghhs txdqwxp frqwh{w, dqg RTPF +frqwlqxlw| htxdwlrq
+:, ru +<, uhvshfwlyho|, fdvhv1
Htxdwlrqv +9,2+:, duh frqfoxvlyho| wkh hqhuj| wkhruhp irup kroglqj iru wkh
fdvh ri d guliwlqj hqvhpeoh ri Ehuqrxool rvfloodwruv1 Wkhvh htxdwlrqv/ dv zhoo dv
wkh fruuhvsrqglqj sk|vlfdo frqwh{w/ zloo eh uhfdoohg doo dfurvv wklv sdshu e| wkh
xvh ri wkh txrwhg dfurq|p GERH1
517 Wkh ruwkrgr{ txdqwxp phfkdqlfdo +RTPF, fdvh





s33s @ Hq +;,
uV @ frqvw +<,
Wkh sduwlfoh zdyh0ixqfwlrq fruuhvsrqglqj wr wklv irupxodwlrq wdnhv wkh irup
q+{,  +{, @ 	s h{s+lV+{,@k, +43,
zkhuh wkh txdqwlw| V+{, lv wkh uhohydqw txdqwxp skdvh ixqfwlrq1
518 Uhpdunv
Lq rughu wr jlyh d xqlhg h{suhvvlrq wr ydulrxv fdvhv dw lqyhvwljdwlrq lq rxu
sdshuv/ zh zloo xvh dq dx{loldu| txdqwlw| uV1 Ghshqglqj rq wkh fdvhv/ uV
pd| eh vhw htxdo wr spphiiy ru
t
ppGhiiyG +lq wkh VSQG dqg GERH fdvhv,/
ru mxvw wr wkh txdqwxp0phfkdqlfdo txdqwlw| uV zkhq wkh ruwkrgr{ txdqwxp
phfkdqlfdo frqwh{w RTPF lv dw kdqg lqvwhdg1
7\hw rq wkh lqwhusuhwdwlrqdo vlgh wkh sk|vlfdo vhqvh ri wkh ghqvlw|/ erwk lq wkh VSQG dqg
GERH fdvhv/ lv d fodvvlfdo rqh= lw fodvvlfdoo| frphv rxw iurp vwdwlvwlfdo hqvhpeohv ri Hxohuldq
yhorflw| hogv dqg lv qrw d txdqwxp suredelolvwlf rqh1
8
Lq wkh suhvhqw sdshu/ zh zdqw wr vkrz wkdw doo wkh hqhuj| wkhruhp irupv
+5,/ +7,2+8,/ +9,2+:, dqg +;,2+<, fdq eh rewdlqhg e| wkh phdqv ri +jhqhudol}hg,
Kdplowrq irupdolvpv1 Wkh wdvn zloo eh dffrpsolvkhg lq d qxpehu ri vwhsv1 Zh
zloo uvw vkrz wkdw wkh sulpdu| irup +5, fdq eh rewdlqhg e| phdqv ri d fodvvlfdo0
olnh irupdolvp1 Wkhq zh zloo vkrz wkdw wkh h{suhvvlrqv +7,+:, +zlwk F@3
ru hperglhg,/ dqg wkh ruwkrgr{ txdqwxp0phfkdqlfdo Pdghoxqj irupxodwlrq
+;,2+<, dv zhoo/ fdq 0 doo ri wkhp 0 eh ghvfulehg e| dq dqdorjrxv/ jhqhudol}hg
irupdolvp1 Wkhvh wdvnv duh ghpdqghg wr wkh suhvhqw sdshu L1 Txdqwxp0olnh
surfhgxuhv zloo lqvwhdg eh lqwurgxfhg lq sdshu LL/ dqg zh zloo vkrz wkdw wkh|
duh htxdoo| deoh wr ghvfuleh doo ri wkh uhohydqw fdvhv wr xv1
Zkdw zh zloo fdoo dq rswlpl}hg +lq vrph uhvshfwv/ wr eh glvfxvvhg, txdq0
wxp irupdolvp zloo dovr eh frqfoxvlyho| lqwurgxfhg dw wkh hqg ri sdshu LL1
519 Fodvvlfdo Kdplowrq irupdolvp
Wkh fodvvlfdo ruwkrgr{ Kdplowrq htxdwlrqv ^9` iru wkh sduwlfoh g|qdplfv edvh rq
wkh ghqlwlrq ri wkh fdqrqlfdo prphqwxp s@py vr wkdw zh kdyh +KGI+{,@ 3
qrz,=
K+s/{, @ T+s/{, .+{, @ 45p s
5.+{, @H +44,
Dv lv zhoo nqrzq/ wkh Kdplowrqldq K+s/{, wxuqv rxw wr eh d prwlrq frqvwdqw
ryhu wkh is/{j 0 grpdlq uhohydqw wr wkh sduwlfoh fodvvlfdo g|qdplfv zkhq wkh






gw  y+{, +45,







Qrz zh zdqw wr vhw xs dq h{whqghg irupdolvp deoh wr dffrxqw iru rxu ghvfulehg
SKPH iudphzrun uvw1 Wklv lv grqh lq wkh qh{w vhfwlrq1
6 Wkh Ehuqrxool0Kdplowrq irupdolvp
Lq wklv vhfwlrq/ zkdw zh fdoo wkh Ehuqrxool Kdplowrqldq irup zloo eh lqwurgxfhg1
Lw frqvlvwv ri d vlpsoh pdwkhpdwlfdo h{whqvlrq ri wkh fodvvlfdo ruwkrgr{ irup1
Dv lw zloo eh glvfxvvhg pruh lq wkh iroorzlqj/ wkh Ehuqrxool Kdplowrqldqv fdq
eh rshudwhg zlwk erwk fodvvlfdo/ vwdqgdug Kdplowrq htxdwlrqv ru qrq0vwdqgdug
rqhv1 Wkhvh odvw zloo eh lqwurgxfhg lq wkh vhtxho1 Dowkrxjk wkh dssolfdwlrq
grpdlq ri wkh Ehuqrxool Kdplowrqldqv dqg qrq0vwdqgdug irupdolvpv dsshduv wr
eh d yhu| eurdg rqh/ zh zloo glvfxvv wkhlu surshuwlhv hvvhqwldoo| e| zrunlqj rxw
rxu sk|vlfv ri wkh Ehuqrxool rvfloodwruv1
9
614 Kdplowrq irupdolvp iru wkh Ehuqrxool rvfloodwru zlwk
KGI0lqgxfhg pdvv hhfw +SKPH fdvh,
Lq wklv fdvh/ zh frxog dffrpsolvk rxu wdvn e| vlpso| uhsodflqj wkh pdvv p lq
wkh ruwkrgr{ irupdolvp zlwk wkh hhfwlyh pdvv phii / dqg zh frxog wkhq h{sorlw
wkh fodvvlfdo phwkrg> exw zh kdyh dqrwkhu lqwhuhvwlqj surfhgxuh wr sursrvh1 Wr
wklv hqg/ ohw xv frqvlghu wkh iroorzlqj ixqfwlrq dqg srvlwlrqv=
KE+s/{, @ 45p s








+{, @ lsppy+{, @ lps
S+s,
f+{, +48,




Wkh Kdplowrqldq KE+s/{, +47, glhuv iurp wkh ruwkrgr{ fodvvlfdo irup e| wkh
dgglwlrq ri d olqhdu whup lq wkh prphqwxp s1 Wklv odvw lv ghqhg glhuhqw iurp
wkh ruwkrgr{ rqh/ vhh htxdwlrq +4<,1 Wkh sursrvhg irup lv ruljlqdwhg e| dqdorj|
zlwk wkh vwdqgdug h{suhvvlrq ri wkh Ehuqrxool wkhruhp lq fodvvlfdo k|gurg|qdp0
lfv1 E| htxdwlrq +48, zh vhh wkdw wkh prphqwxp +{, lv ghqhg sursruwlrqdo
wr wkh fodvvlfdo prphqwxp py+{,1 E| htxdwlrqv +47,+4:,/ qrz/ zh dovr vhh
wkdw li wkh Hxohuldq yhorflw| hog y+{, lv zulwwhq dv d ixqfwlrq ri wkh yroxph0 rz
53 dqg ri wkh fruuhvsrqglqj fodvvlfdo vwdwlvwlfdo ghqvlw| f+{,/ wkhq wkh dggl0wlrqdo whup lq wkh Kdplowrqldq h{suhvvlrq orrnv dv d +xql0glphqvlrqdo, suhvvxuh
glylghg e| wkh ghqvlw| f+{, 0 l1h1 lv d k|gurg|qdplf0olnh whup1 Wkhuhiruh zhzloo fdoo wkh KE+s/{, ixqfwlrq dqg vlplodu jhqhudol}hg h{suhvvlrqv wkh Ehuqrxool
Kdplowrqldqv1
Htxdwlrqv +47,+4:, wkhuhiruh surylgh xv zlwk d vshflf h{dpsoh ri d Ehuqrxo
ol Kdplowrqldq1 Vrph rwkhu h{dpsohv zloo eh irxqg lq wkh iroorzlqj1 Wkh jhqhudo
Ehuqrxool Kdplowrqldq irup lqfoxghv frpsoh{ ixqfwlrqv s dqg / dqg fdq dovr eh
zrunhg rxw e| wkh phdqv ri +vr0fdoohg khuh/ wr eh h{srxqghg qh{w, qrq0vwdqgdug
Kdplowrq htxdwlrqv1 Khuh wkh vlpsoh surwr|sh fdvh +47, vwloo uhvwv rq vwdqgdug/
fodvvlfdo irupv iru wkh Kdplowrq htxdwlrqv1 Wkh irup +48, iru wkh ixqfwlrq  lv
vshflf iru wkh fdvh dw kdqg khuh +wkh SKPH fdvh,1

























Wkhq zh dovr qg
u+{, @ +p p,ygyg{ @ phii
g5{
gw5 +54,
KE+s/{,  45 phiiy
5 .+{, @ H @ frqvw +55,
Wkhvh htxdwlrqv uhsuhvhqw rxu SKPH frqwh{w1
E| wkh vdph htxdwlrqv lw lv fohdu wkdw/ lq rxu sursrvhg irupdolvp/ zh kdyh
wdnhq lqwr dffrxqw wkh srwhqwldo KGI+{, +4, e| lqvhuwlqj lw lqwr wkh h{suhvvlrq






















Wklv htxdwlrq hqoljkwhqv wkh fruuhodwlrq ehwzhhq wkh prphqwxp +{, +48, dqg
wkh srwhqwldo KGI+{,1 Lw lv fohdu/ krzhyhu/ wkdw wklv fruuhodwlrq krogv dv vxfk/
lq wkh sursrvhg h{dpsoh/ ehfdxvh wkh Ehuqrxool Kdplowrqldq kdv ehhq rshudwhg
zlwk vwdqgdug/ fodvvlfdo Kdplowrq htxdwlrqv1 Wklv lv qrw dozd|v wkh fdvh/ dv zloo
eh vhhq lq wkh qh{w vhfwlrq1
Frqfoxvlyho|/ zh kdyh vkrzq e| wkh phdqv ri htxdwlrqv +47,+55, wkdw wkh
hqhuj| wkhruhp irup +55, fdq eh rewdlqhg yld wkh vwdqgdug/ fodvvlfdo Kdplowrq
htxdwlrqv dssolhg wr wkh Ehuqrxool Kdplowrqldq ixqfwlrq KE+s/{, +47,1
Dv d odvw uhpdun zh qrwh khuh wkdw d vlpsoh Ehuqrxool Kdplowrqldq irup
KE+s/{, @ 45p s
5 . l sp
s5p+{, @ H +57,
zlwk dvvrfldwhg vwdqgdug/ fodvvlfdo Kdplowrq htxdwlrqv lv deoh wr uhsurgxfh wkh














u+{, @ pgygw +5:,
4
5 py
5.+{,@ H @ frqvw +5;,
615 Dq lqyduldqfh surshuw|
Wkh suhylrxv frqvlghudwlrqv dovr hqoljkwhq dq lqwhuhvwlqj surshuw| ri wkh Ehuqrxool
Kdplowrqldqv= rqfh wkh ixqfwlrq  lv zulwwhq lq wkh irup s5 / lv yhu| hdv| wr
vkrz wkdw wkh iroorzlqj irupv
KE+s/{, @ 45p s
5 . l sp
s5 .+{, @ H +5<,
KE+s/{, @ 45p s
5 . l sp
s5 . 5p+{,.+{,+{, @ H +63,
duh htxlydohqw wr hdfk rwkhu/ zkdwhyhu wkh srwhqwldo +{, lv/ li wkh Kdplowrq
htxdwlrqv duh dvvxphg1 Wklv lqyduldqfh surshuw| zloo dovr krog lq wkh fdvh ri
wkh qrq0vwdqgdug irupdolvp lqwurgxfhg lq wkh qh{w vhfwlrq/ dqg zloo eh xvhg lq
wkh iroorzlqj1
Xs wr wklv vhfwlrq/ zh kdyh lqwurgxfhg d irupdolvp zkhuh wkh Kdplowrq
ixqfwlrq lqfoxghv d qrq0vwdqgdug olqhdu whup lq s exw wkh Kdplowrq htxdwlrqv
vwloo duh wkh vwdqgdug/ fodvvlfdo rqhv1 Zh zloo qrz lqwurgxfh zkdw zh fdoo lq wklv
sdshu d qrq0vwdqgdug irupdolvp1 Wklv odvw zloo uhvw rq glhuhqw ghqlwlrqv iru
wkh Kdplowrq htxdwlrqv1
616 Qrq0vwdqgdug Ehuqrxool0Kdplowrq irupdolvp
Lq rughu wr lqwurgxfh d jhqhudol}hg irup iru Kdplowrq htxdwlrqv zh vwduw frq0
vlghulqj wkh htxdwlrq
K+s/{, @ H @ frqvw i{  Yj +64,
Khuh K+s/{, lv d Kdplowrq ixqfwlrq ghqhg lq d {0vsdfh grpdlq ri h{whqvlrq





C{ g{ @ 3 +65,
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Khuh sqv lv d qrq0vwdqgdug prphqwxp/ l1h1 lw fdq eh ghqhg glhuhqw iurp wkh
ruwkrgr{ txdqwlw| py1 Dv d frqvhtxhqfh ri htxdwlrq +65,/ wkh vhfrqg Kdplowrq
htxdwlrq zloo eh zulwwhq







Lq wklv htxdwlrq/ zh lqwurgxfh d irufh x dqg d wlph0olnh yduldeoh  zkrvh




Wkh yduldeohv x dqg  kdyh dx{loldu| urohv lq rxu irupdolvp1 Wkh| fdq eh
lghqwlhg zlwk wkh ruglqdu| irufh dqg wlph yduldeohv rqo| lq wkh olplw zkhq
sqv $py/ l1h1 zkhq wkh ruwkrgr{ fdvh lv uhfryhuhg1
Wkh sk|vlfdo lqwhusuhwdwlrq zh jlyh wr wkh irupdolvp lqwurgxfhg lq wklv vhf0
wlrq lv wkdw wkh Kdplowrqldq ixqfwlrq K+s+{,/{, uhsuhvhqwv dq lqyduldqw ri wkh
fr0ruglqdwhv s+{,/ { doo ryhu wkh uhohydqw {0vsdfh grpdlq 0 lqghshqghqwo| ri wkh
h{lvwhqfh ri wkh wlph0vsdfh uhodwlrqvkls {{+w, fkdudfwhul}lqj wkh vwdqgdug fdvh
lq fodvvlfdo phfkdqlfv1 Rqfh dq h{suhvvlrq iru sqv lv dvvljqhg/ lqghhg/ zh fdq
qg wkh h{suhvvlrq iru wkh wlph  0 wklv odvw kdv phuho| wkh uroh ri d ghshqghqw
yduldeoh khuh1 Jlyhq d ixqfwlrq K+s+{,/{,/ zkhqhyhu d ghqlwlrq iru sqv +ru s, lv
dvvxphg wr fkdudfwhul}h vrph uhohydqw prphqwxp zlwklq wkh sk|vlfdo frqwh{w
wr eh ghvfulehg/ wkh uvw Kdplowrq htxdwlrq zloo surylgh xv zlwk wkh fruuhvsrq0
ghqw ghqlwlrq ri s +ru sqv,1 Zlwklq wklv iudphzrun/ erwk wkh txdqwlwlhv s dqg
sqv duh dfwxdoo| qrq vwdqgdug rqhv1 Lqghhg/ wkh prphqwxp s lwvhoi lv qrw
jhqhudoo| frlqflghqw zlwk wkh vwdqgdug fodvvlfdo prphqwxp1 Frqfoxvlyho|/ wkh
txdqwlwlhv s dqg sqv ghqh wkh sk|vlfv ri wkh v|vwhp dqg/ lq wxuq/ wkh ixqfwlrq
K+s+{,/{, lwvhoi1
Dv d uvw h{dpsoh ri xvh ri wkh sursrvhg irupdolvp/ zh zloo vkrz lq wkh qh{w
vhfwlrq wkdw 0 e| wkh phdqv ri dq dssursuldwh prphqwxp ghqlwlrq 0 lw zloo eh
irxqg deoh wr surylgh xv zlwk wkh ruwkrgr{ k|gurg|qdplf irupxodwlrq ri wkh
txdqwxp phfkdqlfdo zdyh0htxdwlrq1
Ehiruh vkrzlqj wklv/ krzhyhu/ zh zdqw wr lqwurgxfh khuh d jhqhudo fdvh ri
lqwhuhvw1 Wklv lv fkdudfwhul}hg e| wkh iroorzlqj K+s+{,/{, ixqfwlrq dqg sqv
ghqlwlrqv=
KE+s/{, @ 45p s



















KE+s/{, @ 45p s





5+{,.+{, @ H +6<,
Zlwk wkh dvvxphg ghqlwlrq iru sqv/ zkdwhyhu wkh ixqfwlrq +{, lv/ wkh suh0
vfulehg Ehuqrxool Kdplowrq ixqfwlrq uhvxowv lqwr wkh sulpdu| hqhuj| wkhruhp
irup +5, +SKPH, uhohydqw wr xv lq wklv sdshu1 Wklv surshuw| zloo eh xvhg lq
wkh vhtxho1 Zkhq wkh txrwhg ghqlwlrq +6:, iru sqv lv dvvxphg/ zh zloo fdoo
wkh prphqwxp sqv lwvhoi d fhqwudo prphqwxp1 Fruuhvsrqglqjo|/ zh zloo dovr
fdoo 0 dozd|v iru wkh sxusrvhv ri wklv sdshu 0 fdqrqlfdo wkh fruuhvsrqglqj pr0
phqwxp s/ Kdplowrq ixqfwlrq KE+s/{, dqg prphqwxp ixqfwlrq TE+s/{,1 Zlwk
wkhvh ghqlwlrqv/ wkh fodvvlfdo txdqwlwlhv wkhpvhoyhv= s/ K+s/{, dqg T+s/{, ds0
shdulqj lq htxdwlrqv +44,+46, duh fdqrqlfdo dqg wkh prphqwxp pCK+s/{,@Cs
@py lq htxdwlrq +45, lv fhqwudo + lv wdnhq }hur dqg phii @p lq wkh vwdq0
gdug fodvvlfdo fdvh,1 Lw lv hdv| wr vkrz wkdw wkh prphqwxp s dqg Kdplowrqldq
KE+s/{, jlyhq lq htxdwlrq +47, lq wkh suhylrxv vhfwlrq duh dovr fdqrqlfdo dqg
wkh prphqwxp pCKE+s/{,@Cs@py+{, lv fhqwudo

zlwk  @ lsppy+{,

1
617 Wkh Ehuqrxool Kdplowrqldq dqg wkh txdqwxp phfkdq0
lfdo zdyh htxdwlrq
Lq wklv vhfwlrq/ zh lqwurgxfh uvw vrph xvhixo ghqlwlrqv ri txdqwlwlhv 0 wr0
jhwkhu zlwk vrph glvfxvvlrq 0 zlwk wkh qdo sxusrvh wr vkrz wkdw wkh txdqwxp0
phfkdqlfdo zdyh0htxdwlrq +k|gurg|qdplf irupxodwlrq/ RTPF fdvh, fdq eh re0
wdlqhg e| wkh phdqv ri rxu qrq0vwdqgdug/ fodvvlfdo Kdplowrq irupdolvp1
Lq d suhylrxv sdshu +uhihuhqfh ^6`/ htxdwlrqv +:6, dqg +:7,, zh vkrzhg wkdw
wkh Erkp srwhqwldo XE+{, lq wkh k|gurg|qdplf irupxodwlrq ri wkh Vfkurglqjhu
htxdwlrq lv htxlydohqw wr wkh lqglfdwhg zrun h{suhvvlrq fruuhvsrqglqj wr wkh
ixoo +wkhupdol}dwlrq frqvwdqw  @ 4, dfwlrq ri wkh txdqwxp suhvvxuh S1 Wkh
















s33s @ XE+{, +74,
44
+lqglfdwhg zrun h{suhvvlrq,1 Wkhuhiruh zh fdq zulwh djdlq wkh htxdwlrqv +;,
dqg +<, dv iroorzv=
uV5
5p . +{, .
] gS4
 @ Hq +75,
uV @ frqvw +76,
Wkhvh htxdwlrqv duh frlqflghqw zlwk wkh k|gurg|qdplf irupxodwlrq ri wkh
pdwwhu zdyh htxdwlrq exw wkh| pdnh fohdu rxu lqwhusuhwdwlrq +8, wkdw/ iru d
pdq|0sduwlfohv wkhupdol}hg + @ 4, v|vwhp/ wkh Erkp srwhqwldo lv uhsuhvhqwhg
e| wkh lqglfdwhg zrun whup U gS421
Zh kdyh qrz wr uhfdoo wkh h{suhvvlrq ri wkh prphqwxp hog stp lq txdqwxp
phfkdqlfv=




@ sUtp . lsLtp +77,
Wkh txdqwlwlhv sUtp dqg sLtp duh wkh uhdo dqg lpdjlqdu| sduwv ri wkh frpsoh{txdqwlw| stp uhvshfwlyho|1






























Wklv odvw htxdwlrq doorzv xv wr lqwhusuhw wkh txdqwxp prphqwxp hog lpdjlqdu|
sduw sLtp dv wkh prphqwxp d sduwlfoh zrxog dvvxph li +k|srwkhwlfdoo|, doo wkhh{sdqvlrq zrun zdv wudqvihuuhg lqwr lwv nlqhwlf ghjuhh ri iuhhgrp1 Zh pljkw
fdoo wkh whup sLtp d yluwxdo txdqwlw|/ ehfdxvh wkh hqhuj| wudqvihu phfkdqlvpvzlwklq htxdwlrq +75, dq|zd| lqfoxgh hqhuj| edodqflqj zlwk rwkhu ghjuhhv ri
iuhhgrp1 Vlqfh wkh ixoo suhvvxuh0ghshqghqw srwhqwldo dovr lqfoxghv wkh wkuxvw
whup S@/ zh duh eurxjkw e| dqdorj| wr ghqh d vlplodu prphqwxp hog whup











Frqfoxvlyho|/ wkh prphqwd sLtp dqg stp duh uhsuhvhqwdwlyh ri wkh prwlrq txdq0wlwlhv wkh wkuxvw srwhqwldo dqg wkh h{sdqvlrq zrun zrxog wudqvihu wr wkh sduwlfoh
8Dovr irxqg lq rwkhu dxwkruv= vhh i1l1 ^.y H`1
45
zkhq qr rwkhu phfkdqlvp lv lq xhqw1 Wkh prphqwxp stp lv jlyhq e| wkh h{0
suhvvlrq l
t
ksL 3tp1 Qrwh wkdw wklv h{suhvvlrq ohqgv lwvhoi wr eh hdvlo| jhqhudol}hg/
eulqjlqj xv wr frqvlghu wkh h{whqghg irup
t
lks 3tp 0 lq zklfk wkh uV frqwul0
exwlrq wr stp kdv ehhq lqfoxghg1 Wkh xvhixoqhvv ri wklv h{whqvlrq zloo eh vrrqxqghuvwrrg1
Wkh prphqwd sLtp dqg stp ehlqj ghqhg rq wkh edvlv ri lqghshqghqw +vlqfhwkh| duh yluwxdo, hhfwv/ zh fdq dvvljq wkhp d txdgudwxuh uhodwlrqvkls/ dqg uvw
ghqh d frpsuhkhqvlyh frpsoh{ prphqwxp s/ dv d ixqfwlrq ri lsLtp/ dv iroorzv=
s+lsLtp, @ stp . lsLtp @ l
t
ksL 3tp . lsLtp +7;,
Lw lv lqwhuhvwlqj wr jr hyhq ixuwkhu dqg zh ghqh wkh jhqhudol}hg prphqwxp s/
ixqfwlrq ri stp =
s+stp, @
t
lks 3tp . stp +7<,
Wkh prphqwxp s fdq eh frqvlghuhg dv wkh frpsuhkhqvlyh txdqwlw| uhsuhvhqwlqj
wkh prwlrq txdqwlw| yluwxdoo| htxlydohqw wr wkh dfwlrq ri wkh lqglfdwhg zrun
whup +78,/ zkloh wkh prphqwxp s lv d fruuhvsrqghqw/ jhqhudol}hg h{suhvvlrq
lpsruwlqj wkh whup uV lqwr htxdwlrq +7;,1 Qrz zh frqvlghu wkh iroorzlqj
frpsoh{ prphqwxp ixqfwlrq TtpE +s/{, dqg Ehuqrxool Kdplowrqldq=
TtpE +s/{, @ 45p s
5 . l sp
tp











Li zh vhw KtpE +s/{, @ frqvw @ Hq dqg wdnh wkh h{suhvvlrq +7<, iru s lw lv hdv|wr vkrz wkdw wkh Pdghoxqj htxdwlrqv vhw
uV5
5p . +{, 
k5
5p
s33s @ Hq +86,
uV @ frqvw +87,
lv uhfryhuhg1 Frqyhuvho|/ lw lv qrz fohdu wkdw htxdwlrqv +86,/ +87, fdq eh rewdlqhg












Lq wklv irupdolvp/ zh kdyh uhsodfhg wkh vwdqgdug uvw Kdplowrq htxdwlrq/ zklfk
qrupdoo| ghqhv wkh fodvvlfdo prphqwxp py+{,/ zlwk dq htxdwlrq lqwurgxflqj
lqvwhdg wkh txdqwxp prphqwxp stp dv wkh uhohydqw qrq0vwdqgdug prphqwxp























Dffruglqj wr d suhylrxv dqdo|vlv/ lq wkh vhfrqg Kdplowrq htxdwlrq zh kdyh
lqwurgxfhg wkh frpsoh{/ wlph0olnh yduldeoh  zklfk pljkw eh fdoohg wkh txdqwxp
wlph1 Zh zdqw wr uhpdun khuh djdlq wkdw lw kdv rqo| d sdudphwulf/ dx{loldu|
uroh lq wkh iudphzrun dqg e| qr phdqv fdq eh lqwhusuhwhg dv wkh ruglqdu|
wlph0yduldeoh +xqohvv zh wdnh d fodvvlfdo +k$ 3, olplw, lq wkh suhvhqw frqwh{w1
Xvlqj htxdwlrqv +85, dqg +88,2+89, zh qg











3 @ Hq +8<,
vr wkdw
+uV,3 @ 3 +93,
Wkhvh htxdwlrqv uhsuhvhqwlqj wkh k|gurg|qdplf irupxodwlrq ri wkh zdyh htxd0
wlrq/ zh frqfoxgh wkdw rxu Kdplowrq irupdolvp lv deoh wr uhsodfh wkh vwdqgdug
txdqwl}dwlrq surfhgxuh1 Wkh irupdolvp lv edvhg rq wkh xvh ri wkh frpsoh{ irup
TtpE +s/{, +83, dqg lv hqoljkwhqhg e| wkh sk|vlfdo lqwhusuhwdwlrq zh kdyh jlyhqwr wkh yduldeohv s dqg stp1
Erwk wkh sk|vlfdo dqg pdwkhpdwlfdo frqjuxhqfh ri wkh surfhgxuh khuh glv0
sod|hg lqwhuhvwlqjo| uhlqirufh wkh lqwhusuhwdwlrq/ h{suhvvhg lq htxdwlrq +74, dqg
txrwhg sdshuv/ ri wkh Erkp srwhqwldo dv dq lqglfdwhg zrun1
Wkh surfhgxuh zh kdyh vkrzq lq wklv vhfwlrq ohqgv lwvhoi wr vrph uhhoderud0
wlrq/ doorzlqj xv wr glvsod| wkh srvvlelolw| wr iroorz dq lqwhuhvwlqj fodvvlfdo 
sdwk wr vhw xs wkh txdqwxp0phfkdqlfdo zdyh htxdwlrq lwvhoi1 Wklv sdwk frqvlvwv
lq mxvw vrph orjlfdo dqg pdwkhpdwlfdo uhdvrqlqj/ dqg zloo eh vkrzq deoh wr dw0
wdlq wkh uljkw ixqfwlrqdo ghshqghqfh ri wkh Erkp srwhqwldo rq wkh ghqvlw| +74, 0
dowkrxjk lw lv xqdeoh wr surylgh wkh ydoxh ri wkh sk|vlfdo frqvwdqw +wkh Sodqfn*v
frqvwdqw/ d txdqwlw| zklfk fdq rqo| eh ghwhuplqhg e| wkh h{shulphqwv, wkhuh
lqyroyhg1 Krzhyhu/ rxu sxusrvh lv mxvw wr vkrz wkh surfhgxuh/ zruwk| wr eh
glvfxvvhg khuh1 Zh kdyh irupdoo| wr vwduw zlwk wkh htxdwlrqv +75,/ +76,/ khuh
47
uhsruwhg djdlq +lq rughu wr vwuhvv wkdw wkh vwduwlqj srlqw kdv d fodvvlfdo fkdudf0
whu/ ohw wkh hqhuj| H eh qrw |hw lghqwlhg zlwk d txdqwxp ydoxh iru qrz,1 Ohw
xv fdoo vlpso| S wkh suhvvxuh dqg zh kdyh=
uV5
5p . +{, .
] gS
 @ H +94,
uV @ frqvw +95,
Wkhvh htxdwlrqv kdyh mxvw wkh irupdo dsshdudqfh ri wkh fodvvlfdo  rz0ri0pdvv
wkhruhp1 Zh gr qrw plqg khuh d orw derxw wkh sk|vlfdo phdqlqj wr eh dwwulexwhg
wruV1 Iroorzlqj vrph 0 suhylrxvo| lqwurgxfhg 0 frqvlghudwlrqv derxw wkh yluwxdo
prphqwd fruuhodwhg wr dq lqglfdwhg zrun srwhqwldo/ zh fdq uvw ghqh wkh qrq0
vwdqgdug prphqwxp +ohw xv fdoo lw stp douhdg|,=





wr eh xvhg zlwk d Ehuqrxool Kdplowrq irupdolvp=
KE+s/{, @ 45p s





Iurp wkh odvw wzr htxdwlrqv +9,/ zh rewdlq
KE+s/{, @ 45p s
5tp. 
5
5p .+{, @H +99,
Vwloo zh qhhg dq dssursuldwh ghqlwlrq iru > e| qrz/ zh duh eurxjkw/ e| v|p0
phwu| frqvlghudwlrqv/ wr dvvxph wkdw
5









Wklv htxdwlrq phdqv wkdw wkh hqhuj| fduulhg e| wkh prphqwxp  lv wdnhq dv wkh
+v|pphwulfdo, dgglwlrq ri wkh vdph ixqfwlrqdo hhfwv +ghvfulehg e| dq rshudwru
ai, zh dwwulexwh wr wkh wzr lqghshqghqw prphqwd zh kdyh jrw dydlodeoh zlwklq
9E| wkh vdnh ri euhylw|/ khqfhiruwk lq wklv sdshu zh zloo dozd|v rplw wkh vhfrqg Kdplowrq
htxdwlrq dqg uhvw rq wkh htxlydohqw frqglwlrq K+s/{,'H SJ?r| dv grqh douhdg| lq htxdwlrq
+97,1
48
wkh frqwh{w/ uV dqg l
t
5p U Sg +4@,1 Orrnlqj dw htxdwlrqv +94, dqg +78,/ lw






















 . ai+uV, . +{, @ H +9<,





Sg4 @ 3 +:3,
Wklv odvw htxdwlrq pxvw eh frpsduhg wr wkh frqwlqxlw| htxdwlrq +95,/ zklfk




3 @ 3 +:4,
E| wkh frpsdulvrq/ wkh hdvlhvw lqihuhqfh lv wkdw










Khuh v lv dq xqnqrzq frqvwdqw wr zklfk zh kdyh uhvhuyhg wkh sk|vlfdo gl0
phqvlrq ri dq dfwlrq1 Qrz wkh wkuhh htxdwlrqv +9;,/ +:3,/ +:5, lq wkh xqnqrzq
txdqwlwlhv S/ ai fdq hdvlo| eh vroyhg e| wkh iroorzlqj srvlwlrq=
ai  v lp
g
g{ +:7,

















5p . +{,  5
v5
p
s33s @ H  Hq +::,
E| frpsdulvrq zlwk wkh zdyh0htxdwlrq +86,/ wkhq zh uhfrjql}h wkdw wkh h{0
srxqghg surfhgxuh dwwdlqv wkh uljkw ixqfwlrqdo ghshqghqfh iru wkh Erkp sr0
whqwldo dowkrxjk 0 dv dgydqfhg 0 lw grhv qrw doorz xv wr nqrz wkh ydoxh ri wkh
frqvwdqw v1 Lw lv fohdu wkdw zh zloo ghwhuplqh lw dv k@5 exw wr wklv hqg zh vkdoo
kdyh uhfrxuvh wr wkh h{shulphqwdo hylghqfh1
Frqfoxvlyho|/ wkh srvlwlrqv +96,/ +97, dqg +9:, . d uhtxluhphqw ri frqwl0
qxlw| +:4, duh deoh wr eulqj xv wr wkh Pdghoxqj htxdwlrqv/ flufxpyhqwlqj wkh
ruglqdu| txdqwl}dwlrq srvwxodwhv1
618 Fodvvlfdo Kdplowrq irupdolvp iru wkh Ehuqrxool rvflo0
odwru Qhzwrqldq g|qdplfv EVSQG dqg GERH fdvhv
Lq rughu wr rewdlq htxdwlrqv +7,/ +8, dqg +9,/ +:, 0 l1h1 lq rughu wr ghvfuleh
wkh VSQG dqg GERH fdvhv/ zh fdq vhw xs d irupdolvp dqdorjrxv wr wkdw h{0
srxqghg lq wkh suhylrxv vhfwlrq1 Rqfh hvwdeolvkhg wkh edvlf htxdwlrqv zh zloo
vzlwfk rq d voljkwo| glhuhqw yhuvlrq/ ohqglqj lwvhoi wr d pruh sudfwlfdo/ sk|vlfdo
lqwhusuhwdwlrq1
Zh ghqh wkh iroorzlqj +dg krf, qrq0vwdqgdug prphqwxp sq/ prphqwxp
ixqfwlrq TE+s/{, dqg Kdplowrq ixqfwlrq KE+s/{, =





TE+s/{, @ 45p s









Lq wkhvh htxdwlrqv/  dqg  kdyh wr eh dvvljqhg dffruglqj wr wkh fdvh dw kdqg
dqg  lv ghqhg dv
 @ 
3+{,+{,
+{,3+{,  4 +;4,
4:
Zh dovr zulwh








p @ Hq +;5,























@ Hq +{, +;7,
 @ g oqV
3
g oq  +;8,
Iurp wkhvh htxdwlrqv/ lw lv qrz hdvlo| vkrzq wkdw wkh phqwlrqhg htxdwlrqv vhw
+7,/ +8,/ VSQG fdvh, fdq eh uhfryhuhg uvw1
Wklv lv surylghg e| d fkrlfh ri frh!flhqwv  @ 5/  @ 4> dqg e| vhwwlqj
uV @ spphiiy+{, +;9,
Lw lv qrz lqwhuhvwlqj wr qrwh wkdw wkh vdph jhqhudo htxdwlrqv +:;,+;8, duh
dovr deoh wr surylgh wkh Pdghoxqj txdqwxp phfkdqlfdo htxdwlrqv vhw +RTPF,
+;, dqg +<, zkhq wkh fkrlfh iru wkh frh!flhqwv lv  @ 4@5/  @ 4/ dqg uV lv
vhw htxdo wruV1 Lq wklv fdvh/ lqghhg/ wkh prphqwxp sq zloo eh irxqg frlqflghqw
zlwk stp +77, dqg wkh prphqwxp E htxdo wr wkh fruuhvsrqglqj prphqwxp
tpE +84,1 Wkh iudphzrun h{srxqghg lq wkh suhylrxv vhfwlrq lv wkhq frpsohwho|uhfryhuhg1
Frqfhuqlqj wkh GERH fdvh/ zh kdyh wr suhplvh d eulhi glvfxvvlrq wr vkrz
wkh irupdolvp hhfwlyhqhvv1 Wklv lv dv iroorzv1
Rq d jhqhudo srlqw ri ylhz/ erwk wkh txdqwlwlhv  dqg  lqwurgxfhg lq rxu
suhylrxv htxdwlrqv vkrxog lq sulqflsoh kdyh ehhq frqvlghuhg ixqfwlrqv ri {/ mxvw
wr dffrxqw iru wkh GERH sk|vlfdo rffxuuhqfhv1 Exw lq sudfwlfh/ rxu irupdolvp
fdq sodlqo| eh zrunhg rxw zlwk frqvwdqw ydoxhv/ lq doo fdvhv1 Lqghhg lq rxu
sk|vlfdo prgho 0 dv vkrzq lq ^7` 0 wkh vsdfh lv glylghg lqwr wzr Uhjlrqv/ L dqg LL
+Uhjlrq L lv wkh lqwhuqdo rqh/ zkloh Uhjlrq LL lv ghqhg dv wkh h{wuhph h{whuqdo
erxqgdu| dwwdlqdeoh e| wkh sduwlfoh,1 Lq d euxwh exw sudfwlfdo dssur{lpdwlrq
iru wkh suhvhqw sdshuv/ zh pljkw vd| wkdw lq erwk uhjlrqv w|slfdo dv|pswrwlf
ehkdylruv ri  lq wkh GERH fdvh duh frqvwdqwv= zh qg   4 lq Uhjlrq L/
4;
dqg  @ 4@7 lq Uhjlrq LL +:,1 Qrz wkh  yduldwlrq yv { lv dfwxdoo| olplwhg wr
wkh wudqvlwlrq }rqh ehwzhhq wkh wzr grpdlqv1 Wkhuhiruh/ wkh GERH fdvh lv
fkdudfwhul}hg e| wkh ydoxhv  @ 4@5/  @ 4@7 lq Uhjlrq LL +wkhq lq wklv uhjlrq/
zkhuh zh qg y5G 2 s dqg zh dovr wdnh pGhii @ 3/ lw orrnv mxvw frq xhqw lqwrwkh RTPF zdyh0htxdwlrq +::,,> dqg  @ 5/   4 lq Uhjlrq L +lq wklv uhjlrq
lw zloo eh frq xhqw lqwr wkh VSQG fdvh,1 Iurp d sk|vlfdo srlqw ri ylhz/ wklv
phdqv wkdw wkh vwdwlvwlfdo hqvhpeoh ri wudmhfwrulhv kdv d vpdoo vsuhdg lq Uhjlrq
L/ dqg d pruh lpsruwdqw rqh lq Uhjlrq LL1
Lq wkh suhvhqw frxsoh ri sdshuv/ zh fkrvh wkhuhiruh wr lqyhvwljdwh wkh GERH
fdvh rqo| lq wkh Uhjlrq LL +GERHLL,/ zkhuh lv dhfwhg e|  @ 4@7> lq wkh rwkhu
uhjlrq/ wkh vdph frqwh{w zlwk   4 zrxog mxvw eh frq xhqw lqwr zkdw zh qg
iru wkh VSQG fdvh/ iru zklfk  @ 4 lqghhg1 Nhhslqj wklv lq plqg/ zh zloo
kdyh frqfhswxdoo| wr dvvxph wkdw d ixoo ghvfulswlrq ri wkh GERH fdvh dvnv iru
dq lqwhusrodwlrq ri uhvxowv dfurvv wkh wzr Uhjlrqv ri vsdfh +;,1
Htxdwlrqv +:;,+;8, zlwk  @ 4@5/  @ 4@7 zloo wkhuhiruh surylgh xv zlwk wkh
GERH htxdwlrqv +9,+:,/ dowkrxjk rqo| lq wkhlu txrwhg/ vshflf ghwhuplqdwlrqv
iru Uhjlrq LL1
Zlwklq wkh h{srxqghg flufxpvwdqfhv/ lw kdv krzhyhu vwloo wr eh qrwhg wkdw
erwk lq wkh VSQG dqg GERHLL fdvhv wkh prphqwd s dqg E jlyhq lq htxdwlrqv
+;6, dqg +;3, uhvshfwlyho| duh qrw ri d sodqh sk|vlfdo lqwhusuhwdwlrq1 Wkh rqo|
sodqh fdvh lq wkh irupdolvp lv wkh txrwhg RTPF fdvh zkhuh wkh txdqwlw| 5@
lv htxdo wr 4/ dqg s +7<, dqg E +84, duh hdvlo| fruuhodwhg wr sq +zklfk odvw
lghqwlhv lq wklv fdvh zlwk stp,1
Dv lw kdv dovr ehhq dgydqfhg dw wkh ehjlqqlqj ri wkh vhfwlrq/ zh zdqw wkhuh0
iruh wr uhqrupdol}h rxu irupdolvp dffruglqj wr wkh iroorzlqj frqvlghudwlrqv1
Xvlqj d surshuw| lqwurgxfhg lq htxdwlrqv +5<, dqg +63, zh fdq zulwh djdlq
htxdwlrq +;5, dv iroorzv =







V33.+{, @ Hq +;:,
Wklv Kdplowrqldq irup lv htxlydohqw wr wkdw h{suhvvhg lq htxdwlrq +;5,1 Lw









dqg dq h{wud srwhqwldo hqhuj| whup lk ^5@. 4`V33@5p 0 zklfk zh zloo fdoo lV
: Lq Uhjlrq L wkh yroxph  rz DE{ dsshdulqj lq htxdwlrq +96, ri uhihuhqfh ^7` kdv d vpdoo
ghulydwlyh/ zkloh lq Uhjlrq LL lw lv vkrzq wr kdyh d ghshqghqfh rq wkh 827 srzhu ri wkh ghqvlw|1
; Lw lv fohdu wkdw lq pruh frpsoh{ fdofxodwlrqv ixqfwlrqv lE% dqg "E% frxog eh gudzq/
deoh wr eulqj wkh surfhgxuh wr wkh ghvluhg wdvn1 Lqghhg/ li zh dvvxph qhjoljhdeoh ghulydwlyhv
iru lE% dqg "E%/ wkh GERH frqwh{w fdq sudfwlfdoo| eh uhfryhuhg e| wkh vdph htxdwlrqv





0 lqwr wkh {0ghshqghqw sduw ri wkh Kdplowrqldq1 E| wkh uvw Kdplowrq htxdwlrq/
wkh prphqwxp s zloo qrz eh irxqg htxdo wr
s @ sq . l
slks3q +;<,
Wkh uhqrupdol}hg yhuvlrq khuh lqwurgxfhg ri wkh irupdolvp lv htxlydohqw wr wkh
suhylrxv rqh dv uhjdugv wkh qdo uhvxowv/ exw orrnv wr xv pruh lqwhuhvwlqj ehfdxvh
wkh prphqwd s +;<, dqg E +;;, fdq eh lqwhusuhwhg sk|vlfdoo| lq d zd| dqdorjrxvwr zkdw kdv ehhq grqh iru wkh RTPF fruuhvsrqghqwv lq htxdwlrqv +79,/ +7:,1
Zh uhfdoo lqghhg/ iurp uhihuhqfh ^7`/ wkdw wkh KGI srwhqwldo kdv dq h{suhvvlrq
zkhuh wkh whup k5y533@5py5 lv uhohydqw1 Li zh uvw frqvlghu khuh wkh VSQG
fdvh zlwk  @ 5/ wklv whup fdq eh zulwwhq =







































L 3q @ n3+/4,j+/4, +<6,
Wkhvh htxdwlrqv vkrz 0 lq d zd| vlplodu +exw gxdo/ gxh wr d vljq glhuhqfh, wr
zkdw h{suhvvhg e| htxdwlrqv +79, dqg +7:, 0 wkdw wkh prphqwd lsLq dqg
sksL 3qkdyh sk|vlfdo phdqlqj dv frqvwlwxwlyh ri wkh nlqhwlf hqhuj| yluwxdo htxlydohqwv
ri wkh zrun dqg wkuxvw srwhqwldov U jgn3 dqg n3j dvvrfldwhg wr wkh yduldeohv n3
dqg j +iru wkh ghqlwlrq ri wkhvh txdqwlwlhv/ vhh uhihuhqfhv ^4 7`= wkh| duh wkh
KGI hodvwlf ixqfwlrq n3 2 7 dqg lwv fruuhvsrqghqw suhvvxuh j1 Frqvlghu dovr
wkdw lq wkh suhvhqw frqwh{w d fodvvlfdo0olnh ghqvlw| +{, @ 53@y+{, lv dvvxphg,1
Rq wkh rwkhu kdqg/ vlqfh wkh GERH fdvh lv sudfwlfdoo| frq xhqw lqwr wkh
VSQG +Uhjlrq L, dqg RTPF +Uhjlrq LL,/ d sodqh sk|vlfdo lqwhusuhwdwlrq ri wkh
prphqwxp hogv wkhuh lqyroyhg lv vwloo lqvxuhg1
Dv d frqfoxvlrq/ zh qrwh wkdw wkh txdqwlw| 5@ @ 7 lq erwk uhjlrqv iru
erwk fdvhv1 Wkhq zh duh deoh wr vwdwh qdoo| wkdw erwk wkh GERH dqg VSQG
frqwh{wv fdq eh ghvfulehg e| wkh htxdwlrqv vhw




33.+{, @ Hq +<7,
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zlwk dssursuldwh  ydoxhv iru erwk frqwh{wv dqg uhohydqw Uhjlrqv1 Khuh/ lq doo wkh
fdvhv ri lqwhuhvw wr xv/ wkh prphqwd s/ sq dqg E @ 
slks3qfdq eh uhjdughgdv txlwh vlpsoh sk|vlfdo uhsuhvhqwdwlyhv ri wkh KGI srwhqwldo1 Wklv uhqrupdol}hg
irupdolvp orrnv wr xv pruh dssursuldwh iru wkh vdnh ri gluhfw sk|vlfdo lqvljkw1
Frqyhuvho|/ zh kdyh wr uhpdun wkdw qrz jlylqj d vlpsoh lqwhusuhwdwlrq wr wkh sr0
whqwldo V @ 8kV33@+5p, pljkw eh frqvlghuhg wkh fkdoohqjlqj wdvn +ghpdqghg
wr ixuwkhu lqyhvwljdwlrq> exw vhh dovr Sduw LL ri wklv zrun,1
7 Frqfoxvlrq
Lq wklv sdshu/ wkh sk|vlfdo dqg pdwkhpdwlfdo frqwh{wv fruuhvsrqglqj wr wkh
dfurq|p fdvhv SKPH/ VSQG/ GERH dqg RTPF kdyh ehhq wwhg lqwr Kdplowrq0
olnh irupdolvpv1 Wkh Kdplowrq ixqfwlrqv zh lqwurgxfhg duh qdphg Ehuqrxool
irupv dqg lqfoxgh d olqhdu whup lq wkhlu h{suhvvlrqv1 E| d vdnh ri frqjuxhqfh/
zh pdgh wkh uhtxluhphqw wkdw wkh dssursuldwh frh!flhqw +vhh htxdwlrq +<7,, lv
sursruwlrqdo wr wkh vtxduh0urrw ri s3q/ zkhuh sq lv wkh prphqwxp ghqhg lq wkhuvw Kdplowrq htxdwlrq +<8,1 Wkh uhtxluhphqw fdxvhg wkh srwhqwldo lV wr srs
rxw ri wkh txdgudwlf ixqfwlrq TE +:<,1
Lq rxu rslqlrq/ wklv flufxpvwdqfh lv olnho| gxh wr wkh idfw wkdw wkh sk|vlfdo
lqirupdwlrq eurxjkw e| wkh srwhqwldo lV lv txlwh glhuhqw dqg lqghshqghqw ri
wkh rqh h{suhvvhg e| s dqg sq fkdudfwhul}lqj rxu irupdolvp1 Lw pxvw eh gluhfwo|
fruuhodwhg wr vrph plfurvfrslf hhfw zlwk d yhu| ghqlwh skhqrphqrorjlfdo edvh1
Ixuwkhu uh0qrupdol}dwlrq ri wkh prphqwd s dqg sq ghqlwlrqv/ deoh wr eulqj
edfn wkh srwhqwldo lV lqwr wkh txdgudwlf irup TE 0 dqg vdylqj frqjuxhqfh/
lv krzhyhu frqfhswxdoo| srvvleoh1 Exw lw lv hdv| wr vkrz wkdw/ wr sxuvxh wklv
wdvn/ zh vkrxog eh deoh wr vroyh d Ulffdwl0olnh htxdwlrq lq wkh frpsoh{ sodqh1 Li
hyhq zh frxog/ wkh uhvxowlqj prphqwd h{suhvvlrqv zrxog fhuwdlqo| eh irxqg wrr
pxfk lqyroyhg wr eh xvhixoo| lqwhusuhwhg zlwklq vxfk d iudphzrun dv zh kdyh
lqwurgxfhg1
Wkh srwhqwldo lV / krzhyhu/ lv }hur lq wkh RTPF fdvh dqg glhuhqw iurp
}hur lq wkh wzr rwkhu fdvhv/ VSQG dqg GERH1 Wkhvh wzr odvw duh mxvw wkh frq0
wh{wv zh zdqw wr surprwh/ zlwklq rxu lqyhvwljdwlrqv/ dv wkh fodvvlfdo htxlydohqwv
+ru frpshwlwruv, ri wkh RTPF 0 wkh ruwkrgr{ txdqwxp0phfkdqlfdo fdvh1 Wkhq
zkhqhyhu wkh sk|vlfdo lqwhusuhwdwlrq zh jlyh wr wkh txdgudwlf Ehuqrxool irupv
TE dv wkh hqhuj| dvvrfldwhg wr wkh prphqwxp s lv dffhswhg/ lqyhvwljdwlqj wkh
sk|vlfdo phdqlqj ri wkh h{fhuswhg whup lV ru fruuhodwhg txdqwlwlhv vkrxog glv0
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